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Simple nested exchangeable coalescent Motivation and definition

We are interested in coagulating processes with values in Nn ∶= the subset of nested
partitions π = (πs, πg) of [n]2.
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Simple nested exchangeable coalescent Motivation and definition

Definition

Fix n ∈ N̄, for every t ≥ 0 let R(t) ∶= ((Rs(t),Rg(t)) ∶ t ≥ 0) be a Markov process with
values in Nn. This process is called simple nested exchangeable coalescent, snec for
short, if

i) For any t ≥ 0, Rg(t) and Rs(t) are exchangeable random partitions.

ii) The process (Rs(t) ∶ t ≥ 0) is a simple exchangeable coalescent process.

iii) Conditional on (Rs(t) ∶ t ≥ 0), the process (Rg(t) ∶ t ≥ 0) restricted to a single
species is a simple exchangeable coalescent process.
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Simple nested exchangeable coalescent Characterization

Characterization of simple exchangeable coalescents

There exists an array of numbers (λb,k)2≤k≤b which gives us the rate at which any fixed
k-tuple of blocks merges when there are b-blocks in total such that

λb,k = λb+1,k + λb+1,k+1.
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Simple nested exchangeable coalescent Characterization

Characterization of snec

Denote g = (g1, . . . ,gs) and c = (c1, . . . , ck).

Let q(g, c) be the rate at which a k-tuple of those s species merge into one,
involving ci genes in the i-th species merging.
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Denote g = (g1, . . . ,gs) and c = (c1, . . . , ck).

Let q(g, c) be the rate at which a k-tuple of those s species merge into one,
involving ci genes in the i-th species merging.

The jump rate when at least two species merge is given by

q(g, c) = ∫
E
xk−2(1− x)s−k (∫(0,1)

k

∏
i=1

y ci
i (1 − yi)gi−ciG(dy1)⋯G(dyk))Σ(dx ,dG), k ≥ 2,

where Σ is a finite measure on E ∶= [0,1] ×M1[0,1].
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Denote g = (g1, . . . ,gs) and c = (c1, . . . , ck).

Let q(g, c) be the rate at which a k-tuple of those s species merge into one,
involving ci genes in the i-th species merging.

The jump rate when at least two genes merge in one “activated” specie

q(g, c) = ∫
E
(1 − x)s−1 (∫(0,1)

y c1−2(1 − y)g1−c1G(dy))Σ(dx ,dG), c1 ≥ 2,

where Σ is a finite measure on E ∶= [0,1] ×M1[0,1].
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Simple nested exchangeable coalescent Examples

Poisson construction

Let (ti , (xi , yi))i be atoms of a Poisson point process M on (0,∞) × (0,1)2 of intensity
dt ⊗ νsg(dx).

At time ti each species tosses a coin with heads probability xi .

All the species present at time t−i getting heads merge into one.
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Simple nested exchangeable coalescent Examples

Poisson construction of snec

Let (ti , (xi , yi))i be atoms of a Poisson point process M on (0,∞) × (0,1)2 of intensity
dt ⊗ νsg(dx ,dy).

At time ti each gene tosses a coin with heads probability yi .

If the genes are inside species getting heads, then all genes getting heads merge
into one.
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Poisson construction of snec

Let (ti , (xi , yi))i be atoms of a Poisson point process M on (0,∞) × (0,1)2 of intensity
dt ⊗ νsg(dx ,dy).

At time ti each gene tosses a coin with heads probability yi .

If the genes are inside species getting heads, then all genes getting heads merge
into one.

To get non-degenerate construction we assume ∫[0,1]2(x2 + xy 2)νsg(dx ,dy) < ∞.
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Simple nested exchangeable coalescent Examples

Binary merging in the snec

Recall g = (g1, . . . ,gs) and c = (c1, . . . , ck).
Let us suppose that Σ(dx ,dG) = δ0 × δδ0 . Then

q(g, c) = 1{k=2}1{c1=0,c2=0} + 1{k=1}1{c1=2}

We do not have simultaneous binary merging in the species and binary merging in the
genes.
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Further questions

Further questions

1 Which are classical measures in (0,1)2 for defining “classical snec”?

2 To find some forward in time evolutionary models with (limit) genealogies being snec
processes.

- Discrete models
- Valued measure models
- Partition flows
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Further questions

Thank you!
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